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The "p lasma piston M model [1, 2] is often employed in the theoret ical  analysis  of the operat ion of some 
MHD devices with a localized discharge.  However,  experiments  pe r fo rmed  on a railgnn with an external mag-  
netic field showed that at high p r e s s u r e s  (Poo < 25 kPa) the measured  value of the discharge velocity is s ig-  
nificantly higher than the value calculated based on the piston model [3]. In la te r  experiments  on the same setup 
and on a longer channel it was found that there  exist  two stages of the motion of the d ischarge  already after  the 
discharge cur ren t  becomes s ta t ionary.  At f i rs t  it fills the entire t r a n s v e r s e  section of the channel, and the 
elevated velocity can be explained by the part ia l  leakage of the gas swept up into the c u r r e n t - c a r r y i n g  region 
[4]. Then, after  20-25 cm, the d ischarge  is compressed  in the t r ansve r se  direct ion and then moves so as to 
fill not more  than 50-60% of the channel c ross  sect ion [5]. At the same t ime the flow of par t  of the pushed gas 
around the cur rent  region becomes significant. 

Detailed analysis of the s t ruc ture  of the flow, which is a difficult problem even for flow around a solid 
nondeformable body, becomes even more  complicated in this case  because the shape of the discharge in the 
flow, being very i r regu la r ,  in its turn depends on the p a r a m e t e r s  of the flow. In this connection, in this work 
an at tempt is made to take into account the flow around the discharge in the s imples t  quasi-one-dimensional  
s ta t ionary formulat ion under the following assumptions.  

1. The entire region behind the shock wave (Fig. 1) can be divided into three quasi-one-dimensional  zones: 
the zone of isentropic flow 1 exter ior  relat ive to the discharge,  the thin thermal  layer  2 at the d i scharge-gas  
boundary ( t ransforming into the thermal  wake behind the discharge),  and the current  region itself 3.~ 

2. The the rmal  l ayer  consis ts  of a dissociated and d ischarge-heated  gas whose degree of ionization is 
much lower than in the c u r r e n t - c a r r y i n g  region, while the velocity of the gas in it equals the velocity of the 
external isentropic flow. Unlike the region 1, however, the velocity in the wake is subsonic, as a result  of 
which the back end wall of the acce le ra to r  4 has a significant effect on the p a r a m e t e r s  of the entire flow. The 
thermal  l ayers  are  assumed to be thin, so that other  effects associated with the presence  of these layers ,  such 
as expulsion, etc., a re  ignored. 

3. Convective p r o c e s s e s  in the d ischarge  3 are  ignored, and the energy balance is calculated in two l imit-  
ing cases:  opiically thin plasma,  when all of the Joule heat l iberated in the discharge is ca r r ied  away by the 
volume radiation, and optically dense plasma,  when the discharge emits  f rom the surface  as an absolutely black 
body. The energy of the radiat ion is absorbed in the thermal  layer  and is ca r r ied  away downstream. 

4. The possible de tachment  of the flow and a vortex in the tail par t  of the d ischarge  have no effect on the 
integral  cha rac t e r i s t i c s  of the p rocess ,  since, as will be shown below, the main p r e s s u r e  drop (and, therefore ,  
the contribution to the res i s t ance  force) occurs  in the region where the curvature  of the side edge of the dis-  
charge  is small .  

Thus the scheme of the flow is as follows (see Fig. 1). The supersonic flow with the velocity uoo, known 
p r e s s u r e  Pr and density Poo is decelera ted at the front of the shock wave 5, moving away f rom the discharge 
with a velocity D, where a 0 is the half-width of the channel, a(x) is the half-width of the cu r r en t - ca r ry ing  r e -  
gion in the flow, and 0 <_ x _< l. All sect ions are  taken per  unit height of the channel h. After the shock wave 
the flow in the region 1 is analogous to the flow in a Laval nozzle with the cr i t ical  section a 0 - a * and equal 
inlet and outlet sections a 0- The p a r a m e t e r s  of the gas at the inlet to the nozzle are  u0, P0, and P0, while the 
p a r a m e t e r s  at the outlet are  u 1, Pl, and Pl- In the region 0 _ x ~ l, the velocity of the gas, the p res su re ,  and 

,+In Fig. 1 and below the re fe rence  sys tem is tied to the discharge.  
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the densi ty  equal u(x), p(x), and p(x). Using the wel l -known fo rmu la s  [6] for  i sen t rop ic  flow in a channel with a 
va r i ab le  c r o s s  sec t ion  

(z) 

the condition M = 1 for  a = a * and equal inlet  and outlet  sec t ions ,  we have 
2 

(t  - -  a.~.* ~ = v + l  ' = 0 

a0 ] 7+1 ' k (2) 

? 

Here  M =u/c is Mach ' s  num ber  and 7 is  the adiabatic  index. F r o m  (1), e l iminat ing M and using (2) and (3), 
the f o r m  of the d i scha rge  a(x) can be re la ted  with the p r e s s u r e  p(x): 

- - = = l - -  

a 0 

Pol \ Po/ ]" 
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(4) 

In the s t a t ionary  case  the p r e s s u r e  d is t r ibut ion in the region 1 mus t  be identical  to that  in the d i scharge ,  
and the p r e s s u r e  grad ien t  in the d i scharge  is  balanced by the fo rce  jB (j is  the cu r r en t  density and B is the 
magnet ic  induction). Thus 

ap/ax = --]B, 0 ~ x ~ l, (5) 

Multiplying both s ides  of (5) by a(x) and in tegra t ing ove r  x we find 

! 1 l 
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(I is the total  d i scha rge  current )  o r  in d imens ion les s  f o r m  

1 

�9 2 % p , ~  Po ' "~o " 
~l/Po 

(6) 

Substi tuting into (6) the express ion  (4) and ca r ry ing  out the in tegra t ion we obtain 
I B  
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Using the Hugoniot re la t ion at the shock-wave front it is  easy  to relate  the velocity of the incident flow Moo = 

uoo/coo with P0/Poo: 
P0 

c-~~ Mo + P~ (8) 

where c j e o o  is the ra t io  of the velocity of sound behind the shock wave front to the velocity of sound in the in- 
cident flow, expressed  in t e rms  of P0/Poo" Based on the foregoing r e m a r k  about the the rmal  wake it can be 
assumed that in. the s ta t ionary case the velocity of the gas u 1 will equal the velocity of the back end wall os the 
acce le ra tor ,  i.e., u 1 = uoo, in spite of the fact  that M 1 = ul/e  1 > 1. In dimensionless  fo rm 

M1 ~ % M~. (9) 
C O ~c~ 

F r o m  the condition that the flow in region 1 should be isentropic we have 

?--1 

o - :  = " 

Eliminating M1, M 0, and Moo f rom (2), (3), (8), (9), and (10) we obtain 

( p l )  v po / ' r  P0~" 

l + \ p o /  

The solution of this equation together  with (7) gives the dependence of Pl/P0 on the p a r a m e t e r  !B/2a0Poo, and 
knowing Pl/P0 it is easy to calculate based on the formulas  presented above all pa r ame te r s  of the flow outside 
the d ischarge  in the region x _ 0 and x >_ l. Figure 2 shows the dependence of Moo (in the labora tory  coordin-  
ate sys t em Moo is the dimensionless  velocity os the discharge) and Pl/P0 on IB/2a0poo for  y = 1o667, 1.4, 1.333, 
and 1.2 (lines 1-4). 

The values of Pl/P0 give the neces sa ry  boundary conditions for solving Eq. (5). For  acce le ra to r s  of dense 
gases  with external  magnetic fields B ~ 1-2 T and discharge  currents  I ~ 10-40 kA the induced electr ic  field 
uB is severa l  t imes weaker  than the external  field E and can be neglected. Thus j = aE  (~ is the conductivity 
of the plasma).  Assuming that the p lasma is uniform along the cur ren t  (along the z axis) and taking into ac-  
count the fact that the conductivity- of the e lect rodes  is much higher than the conductivity of the plasma,  we find 
that E is independent of x. Therefore  to solve (5) it is  n e c e s s a r y  to specify only the dependence of a on p. F o r  
this, we shall examine the energy" balance in the c u r r e n t - c a r r y i n g  region. 

1. Optically Thin P lasma .  The charac te r i s t i c  t ime of the p rocess  in the acce le ra to r  ~10-4-10 -3 see,  so 
that on spatial sca les  ~1-10 cm the effect of heat conduction can be neglected. Since convective p rocesses  in 
the c u r r e n t - c a r r y i n g  region are  neglected, in the s ta t ionary case 

oE2 = QR for 0 ~ x ~. l, ]yl ~ a(x), (12) 

ha the general  case  the conductivity a and the magnitude of the volume radiant losses  QR are  functions of the 
p r e s s u r e  p and t empera tu re  T. Since, however, the analysis  ca r r ied  out here  is only of a qualitative character ,  
we shall  take into account the fact  that a depends weakly on p, and QR up to a fac tor  of o rde r  unity can be r ep -  
resented in the fo rm QR(p, T) = pqR(T), where qR depends only on the tempera ture .  We have 

~ ( r ) E  ~ = p~R(r) (13) 

[a (T) and qR(T) are  known functions]. Solving this equation for  T and substituting into a (T) we find 

,~ = o(p'/E~). (14) 

For  pure air  the dependence of ~ on p / E  2 can be approximated well by the express ion 

p -f3 
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where ~ = 0.27 and fl = 0.71, if a is given in ~ �9 cm, E in V / c m ,  and p in 105 Pa. Using (15) we obtain f rom (5) 

Integrating (1) taking into account the fact that p = P0 at x = 0 we have 

(16) 

Since p = Pl at x = l, we obtain finally 

. (, [, 

This express ion permi t s  finding the dependence of all remaining pa rame te r s  of the flow on x / l in the region 
0 _< x __ l, as well as the fo rm of the discharge a / a  0 f rom (4). 

F igure  3 shows P/P~o and a / a  o versus  x / l  for  ~/ = 1.4 and PM = IB /2aop~  = 20; 10; 5 (lines 1-3). We 
note that the curvature  of the wide edge of the d ischarge  is very  small  in the interval  0.1 _ x// _< 0.95. For  
large values of PM the c ros s  sect ion of the d ischarge  in the (x, y) plane is virtually rec tangular .  This can sub- 
stantially s implify the analysis  of p r o c e s s e s  occur r ing  at the per iphery  of the d ischarge  (the thermal  layer  2, 
see Fig. 1), where the ro le  of heat conduction will no longer  be small .  It is  well known [7] that the res i s tance  
force  of a body in a f ree  flow at large Reynolds numbers  is determined largely  by the sharp drop in the p r e s -  
sure  in the tail  par t  of the body, caused by the detachment of the boundary layer  and formation of eddy flow in 
the stagnation zone. In this  case,  for  flow around a body in a channel, the p r e s s u r e  gradient  along the flow is 
negative, so that detachment,  in all probability,  can occur  only direct ly  near  the tail  part ,  i .e.,  for  x / l  ~ 0.95. 
As one can see f rom Fig. 3 only 10-15% of the total p r e s s u r e  drop in the flow occurs  in the sect ion 0.95 _ 
x / l  <_ 1, so that taking detachment into account does not make a large contribution to the res i s tance  force of 
the discharge.  

The channel model of the discharge studied above in the approximation of an optically thin p lasma  con- 
tains one undetermined p a r a m e t e r  - the length of the discharge l (or, which is equivalent, the e lec t r ic  field 
s trength E),  which must  be obtained f rom experiment ,  o r  it is n e c e s s a r y  to introduce the so-ca l led  ionization 
tempera ture  [8], whose value in general  is quite a rb i t r a ry .  The choice of the local model of heat balance (12) 
and the neglecting of p roces se s  in the thermal  boundary layer  preclude the use of variational pr inciples .  

2. Optically Dense Plasma.  Joule  heat is ca r r i ed  out f rom the core  of the discharge to the per iphery  by 
radiant  heat conduction, is absorbed in the thermal  layer ,  and car r ied  away downstream. This is essential ly 
the limiting case of convective heat exchange between the d ischarge  and the gas flowing around it and can be 
regarded  only as the upper l imit of the energy losses  in a railgun. As done previously,  the thermal  layer  is 
assumed to be thin. In the case of an optically dense p lasma the s ta t ionary t empera tu re  in the discharge T d 
is identical in the entire region 0 ~ x _< l, I Y I -- a(x) and equals the tempera ture  of the surface  of the d i s -  
charge.  We have the following equation of force balance 

@p/Ox = --(~EB .~ const (18) 
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and energy ba l ance  

(19) h I E = e ~ s T ~  2h l + k dx ] dx-F 2 adx ,: 
~" 0 0 "J 

where a S is the S te fan -Bo l t zmann  constant, h is the height of the discharge,  and e is the effective emissivi ty .  
The f i r s t  t e rm on the r ight side of (19) is the a rea  of the la teral  (in the flow) surface of the discharge,  while 
the second t e r m  is the a rea  of the regions  near  the e lectrodes .  For  simplici ty we neglect  other losses  in the 
electrode.  Making the substitution of var iables  x ~ p with the help of (18), we obtain in a dimensionless  fo rm 

1 

= f I(2O:o r 
,,:o I 8 o S ~ 2 g  0 

1 
2ao 2aoPo ! ~ a ( ) d P 

~I/ 'PO 

or, using (6), we find 

1 
IE _~p,!p : :2aoP 0 2% ! 

o (~E2aX/ -[- \dp/PO] f PO h qE2ag" (199 

Here  a / a  o is expressed in t e r m s  of P/P0 and Pl/P0 f rom (4), 2a0P0/IB f rom (7), and P1/P0 f rom the solution of 
the ex te r io r  problem for  fixed T and IB/2a0Poo. Thus, Eq. (19') gives a relat ionship between five dimensionless  
p a r a m e t e r s  of the form 

xe (z i~2%) 
e%T~2a ~ = ~ 3' ' ? �9 oE2a ~ 2a0P ~' h (20) 

An analytic express ion for @ could not be derived, but this function is approximated well by a l inear function 
of I /aE2a~:  

IE  I 
8ffsT4dT, a 0 = r ~oE2ao -~- ~' (21) 

where 

c~=a  2~-~-:o' X,? = - / h -  + T '  8 = 2 - -  
o 0 

a*  is the cr i t ica l  sect ion of the d ischarge  [see Fig. i and (2)]. Indeed, Fig. 4 shows the dependence of the rat io 
go of the right sides of Eqs.  (20) and (21) on I / u E 2 a ]  for 7 = 1.4 and 2a0/h = 1 (PM = IB/2a0poo = 2.5; 10; 40 - 
curves  1-3). One can see that the l inear  dependence differs by not more  than 20% from the exact  dependence. 
Using (21) 
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= ~%~2% a* po / + ~ )  f 
h~.% ] + ~ (22) 

F igure  5 shows this dependence for  a i r  for  T =1.4 ,  2a 0 =4  cm,  2a0/h =1,  e =1 ,  IB /2a0P  ~ =10.  A t t h e  s a m e  
t ime  P0/Pr = 17.94, Pl/P0 = 0.0436, and a * / a  o = 0.687. The cu rves  1-4 co r re spond  to I = 10, 20, 30, and 40 
kA. Since the rad ian t  heat  conduction is  of a diffusive c h a r a c t e r  and i t  is  a s sumed  that  t he re  a r e  no convect ive 
flows in the c u r r e n t - c a r r y i n g  region,  the d i scharge  f o r m s  a d i ss ipa t ive  sy s t em,  fo r  which the pr inc ip le  of min i -  
mum entropy product ion holds. In applicat ion to an e l ec t r i c  a rc  it i s  known as  Steenbeckts  pr inc ip le  [9]. As 
one can see  f r o m  Fig. 5, the curves  E = E(T d) have dis t inct  min ima,  which makes  it poss ib le ,  by using Steen-  
beck ' s  pr inc ip le ,  to de t e rmine  Td and E, the reby  solving the p r o b l e m  complete ly .  As one can see ,  the value of 
E va r i e s  in the range  40-50 V / c m ,  while T d va r i e s  in the range  8500-9500 K. The power  l ibera ted  in this  case  
in a d i scharge  of height h = 4 cm equals  IEh and va r i e s  in the range  2-6.5 MW. The exper imenta l ly  m e a s u r e d  
quantity IU ~ IEh, neglect ing the voltage drop at the e l ec t rodes ,  is  of the s a m e  o rde r  of magnitude (~5 MW). 
It i s  difficult  to make  a detai led compar i son  with exper iment ,  s ince for  mo lecu l a r  g a s e s  the voltage on the e l ec -  
t rodes  undergoes  s t rong  pulsa t ions ,  p robab ly  caused by the mot ion  of the sec t ions  n e a r  the e l ec t rodes .  The 
value of E in the d i scharge  column was not m e a s u r e d  d i rec t ly .  

The f o r m  of the d i scha rge  of an opt ical ly  dense p l a s m a  is v i r tual ly  ident ical  to the case  of a t r a n s p a r e n t  
p l a s m a  (see Fig. 3). The tail  p a r t  is s h a r p e r ,  which is a t t r ibutable  to the l inear  dependence of p on x, and the 
f iat  p rof i le  fo r  0.1 _< x / /  _< 0.9 is jus t  as dis t inct .  
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